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Abstract We present an Hilbert space formulation for a set of implied volatility models 
introduced in fT\ in which the authors studied conditions for a family of European call 
options, varying the maturing time and the strike price T an K, to be arbitrage free. The 
arbitrage free conditions give a system of stochastic PDEs for the evolution of the implied 
volatility surface a, {T,K). We will focus on the family obtained fixing a strike K and varying 
T. In order to give conditions to prove an existence-and-uniqueness result for the solution of 
the system it is here expressed in terms of the square root of the forward implied volatility 
and rewritten in an Hilbert space setting. The existence and the uniqueness for the (arbitrage 
free) evolution of the forward implied volatility, and then of the the implied volatility, among 
a class of models, are proved. Specific examples are also given. 

Keywords Implied volatility • Option pricing ■ Stochastic SPDE • Hilbert space 
JEL Subject Classification GI3 C31 C60. 

Mathematics Subject Classification (2000) 37L55 60H15 35R60. 
Introduction 

The main aim of the paper is to prove an existence-and-uniqueness result, to study properties 
of the solution and to give some examples for the implied volatility model presented in (3]: 
in such a seminal work the authors presented a set of conditions, written as a system of 
SPDEs, for the market (described below) to be arbitrage free. Here we prove that, indeed, 
under a suitable set of conditions, such a system of SPDEs admits a (unique) solution. 
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In other words the resuhs we give allow to identify a class of (non-trivial, arbitrage free) 
evolutions of the implied volatility starting from some the initial (market-given) surface. 

Many aspects of implied volatility models have been diffusely studied and the reader is 
referred to 1101 . Chapter 7 for a review. 

The setting of the model and some results from l3l 

Consider w/'\ for i e {l,..,m} and t > 0, m independent real Brownian Motions on the 
probability space (12, ^,P). We call the induced filtration. We consider a fixed T* > 
and a market in which a bond (with interest rate equal to zero), a stock 5, and a family of 
European call options 0,{K,T) for r > 0, T e (r,r + T*], and /sT > are liquidly traded. So 
at every time t we consider the call options expiring in the interval (t,t + T*] for a fixed T* . 
Without losing in generality (changing if necessary the Brownian motions and the measure 
P) we can assume that the price of the stock 5, depends only on the first BM, that 5, is 
martingale and evolves following the SDE 

d5, =5rftdw/'' (1) 
for some one-dimensional process Q, . The Black and Scholes price for O, [T, K) is of course 
Q{S,,o,K, T) = StN{d, {S,,a,K,T))- KN(d2{S, ,a,K,T)) (2) 
where is the cumulative distribution of the normal distribution and, 

d,{S„a,KJ)= y +la^(r-0, d2{S,.,a.,K,T)= '"^ \a^{T-t). 
a\/i —t I 0\/ 1 —t I 

The implied volatility paradigm consists, as well known, in inverting obtaining (and 
defining) the "(Black-Scholes) implied volatility" dt{T,K) as a function of C, (and K, T, 
St). So, once we have modeled the evolution of the implied volatility, thanks to its definition, 
we can use ^ to find the evolution (varying the time f) of the prices of the options Ot{T, K) 
and we can wonder if the evolution of the market so obtained is arbitrage free namely, if the 
processes Ct{T,K) := StN{d\{St, at,K, T)) — KN{d2{St,a,,K, T)) and St have an equivalent 
common (varying T and K) local martingale measure. 

In ||3J the authors prove that, if we assume the implied volatility to follow a SDE of the 
fornfl 

ddt{T,K)=mt{T,K)dt + v,{T,K)*dWt, 

the arbitrage-free conditions for the market can be expressed (we do not write the depen- 
dence of CT,, and u, := v,/d, on T and K in the second equation) as 

' d5, =5,0,dw/'' 

= 2S^ (<^' - I e,£ + In I dt+ 

* +(^^a^{T-t)\u,\^-^ate,ul^^^ dt + dtutdWt 

00(7, K) initial condition 

di{T,K) = 1 0, ^ -|- M, In ^ j feedback condition . 

' Where m, and v, are respectively a one-dimensional and a m-dimensional process and they can depend 
explicitly, as we will assume when we give some sufficient conditions to prove the existence of the solution, 
on T, K, S,, a, and 0,. v,{T,K)* is the adjoint of the vector v,{T,K) so that v,{T,K)*dW, = {v,{T,K), dW,) 
((■,■) represents the scalar product in R'"). 
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where we called £ the vector of given by (1,0,0, ...,0), | ■ | is the norm in W and the 
m-dimensional process u, = v,/ai. They also prove that such a system of SPDEs can be 
rewritten using the variabl^l ^i {T,K) = {T — t) df{T, K) obtaining 

d^, = ^, ((1 + \^,) \u,\^ - 0,4") At - (e, +4') In (f )) ' df- 

initial condition 

dT^,{T,K)\j^, = (e, +4" In (f )) +1™ 2 In^ (f ) feedback condition 

(4) 

where we used m|'' for the !-th component of u,. 

The feedback condition is obtained in |3 | in order to avoid the phenomenon (already 
observed in 1 16], Section 3(a), see also (| 1] and |2 |)) of the "bubble" of the drift for f — > T. 
Such a condition, it will be clearer in the following, adds a certain number of difficulties in 
the study of the problem. 

In [3 ] the author does not prove an existence result for equation ([3]l or Q but they prove 
that such conditions are equivalent to the market being arbitrage-free. So, if we can find 
some sets of u^/^ and 0, of stochastic processes such that equations (O [T]l admit a positive 
solution {^i,Si) (or, that is the same, admit a positive solution {dt,St)), the evolution 
of the market is arbitrage free. 

In the present work we study a "reduced" problem: indeed we consider a fixed K and we 
study the existence and uniqueness for the system of SPDEs (|4]i varying T. We continue in 
the introduction to write the equations for the the general problem and we will fix a A" in Sec- 
tion[T](starting from equation ( |EQ[ |). For the general case we would need the "compatibility 
conditions" described in Section[5]to be satisfied. 



Forward implied volatility and formal derivation of the state equation 

We want to describe the system using the square root of the forward implied volatility intro- 
duced in L16J . We define X,, formally, as 

d d 

X,{x,K) = J- {xaf{x,K)) = —{^,{t+x,K)). (5) 

The idea of use such a variable in the implied volatility models was introduced for the first 
time, as far as we know, in 1 14 |. In the works [14',' 151 the authors use different techniques to 
deal with problems strictly related to the our. They use some results about strong solutions 
for functional SDE proven in 1171 (see also 1111 ) to study the case of the family for a fixed 
strike K (varying the maturing time T) in fl41 and the family for fixed T (varying the strike) 
infTSl. 

The main novelty with respect to the results obtained in 1141 concerns the mathematical 
techniques used, but the Hilbert space approach used in thepresent works allows also to 
avoid a couple of additional "technical conditions" requireqj in [14] and to use an analo- 
gous of the Musiela parameterization (see (9)) for the HJM interest rate model. So we can 

^ See also |4|. 

' Actually to compare the Hypotheses needed in the two different setting is not very easy. 
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consider at every time t the family of call option (for a fixed K) for all the expiration times 
Te [t,t + T*] for a fixed T*. 

From the second equation of Q, using Ito-Venttsel formula (see for example (131), we have. 



where (■, ■) is the scalar product in M'" and £ as above. 

So here we formally defined X, as derivative of and we formally obtained the differen- 
tial equation that describes the evolution of the square root of the forward implied volatility 
X, from the equation for . Such a differentiation is only formal and this way to approach 
the problem (the most natural way from the point of view of the model) is not mathemat- 
ically rigorous. For this reason our approach will be "reversed", we will describe it more 
precisely in the next paragraph. 



The Hilbert space setting and the rigorous approach to the problem: the case of a fixed K 

We treat the problem using a Hilbert space formulation. A similar approach was used for 
example in | 8 1 for the HJM interest rate model (see also [TJ, [5J and 6121 ). 

We consider a fixed T* > and the Hilbert space := {0,T*) (theSobolev space 
of index 1). 

Notation 01 We use the notation f\x\ to denote the evaluation of an element f ofH^ (0, T*) 
(or ofL^iQ, T*)) at the point x e [0, T*]. 

We want to describe Xi (x, K) as an element of //'(0,r*). So we introduce X, {K) defined as 



Of course, given an arbitrary function X, (x, K) the function X, {K) will not necessary belongs 
to//'(0,r*),but we will see that (under suitable conditions on the functions m''^) if the initial 
Xo{K) is in //' (0, T*), its evolution remains in //' (0, T*). With an abuse of notation we will 
canX,{K) simply 

We call / the continuous linear application 



formally: 




(6) 



X,(K)[x]''^'x,(x,K). 



l/(/)H = .ioVM 



I I . — > ^ 



s] ds 
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and A the generator of the Co semigroup T{t) on defined, for f > 0, as 



so that 



(D{A) = [feH^ : f[T*] = if[T*]=0} 

= !/[■] 



In order to introduce some assumptions to guarantee the existence of the solution we 
assume that u^'^ depends directly on X,{K), K and St and so we write iit{i){K,S,,Xt{K))[x\ 
(since u,{K,S,,X,{K)) will be an //i (0, 7*; M"') -valued process we write u, {K,S,,X, {K))[x\ 
to mean the evaluation of u,{K,Si,X(K)) at the poinQjr 6 [0,7*], so u,{K,S,,Xi{K))[x\ G 
R™). We write d_,u, {K, S, , X, (K) ) foO d_,u, {K,S,, X, [K) ) [x] . So we can write formally equa- 
tion ^ in as: 



dX,{K)=AX,{K)dt+ I{X,){K){ ^X,{K)\u,{K,S„X,{K))\H 
+{{u,{K,S„ X,{K) ) , d,u, {K,S„ X, [K))) I(X, ) {K) + 

+2 {u, {K,S„ X, {K) ),d,UriK,S„Xr{K)))- 6, {K,Sr, X, {K) ) d,ul '\k,S„ X, {K))e^ + 

+Xr{K) (^\u,{K,SrMK))\^ - ei{K,S,,X,{K))u,{K,S,,X,{K)Y^^) - 

-2{d, {K, S, ,X,{K))£ + u, {K,S,MK))\n(f), {d,u, {K,S„X,{K)))\n[f))]dt+ 
+ [2X, {K)u* {K, S„X, {K) ) + 2{dX [K, S„X, [K) ) )I{X,) (K)] dW{t) 

dSr= e,{K,s„x,{K))s,dwy^ 

Xo{x,K) initial condition 

(8) 

where (■, ■) is the scalar product in W" and dt{K,S,X) is for the following function (obtained 
is sing the fourth equation of Q): 



er{K,S,X) = JX[0]- f (t.F'(^:,5,X)[0])'ln2 (^^^ -ul'\K,S,X)[0]ln(^^ 



(9) 



This completes the "informal" formulation of the problem, the rigorous approach (the 
one that we develop in the paper) is reversed. We consider a fixed > 0, so we consider 
the family Ot{T,K) for a fixed K and varying T e [r,r -|- T*]. We start studying equation ([8] 
^ in Jff and we will introduce the variable ^ and the implied volatility problem only later. 
This is a scheme of our approach: 

1. We start (Section [U studying the equations ([Slllll. So in Section [T] we will introduce 
equation | [EQ[ |, that is nothing but a more concise form for ([8]l, without claiming any 
connection with the equation (|4]i. 

2. We study (Section|2]i some properties, existence and uniqueness results for i |EQ[ l and its 
approximation ( [IEQIeI i. 



Note that u,{K,S,,X,{K))[x] depends not only on X,{K)[x] but on all X,{K)[]. 
5 So, since u,{K,S,,X,) 6//' (0,7*) we have that d^u,(K,S, ,X,{K)) 18^1^(0,7"*). Actually we will give 
conditions to ensure that d,u, {K, S,,X, {K) ) belongs to ff' (0, T* ) . 



6 



3 . We introduce (Section[3ll ( T, K) as ^t{T,K) : = I(Xt )\T — t] and prove that indeed such 
a ^,(T,K) satisfy, as we expect, equation ©. We will use this fact also to prove that both 
^t{T,K) and X, (T.K) remain positive. 

In Section|4]we present two classes of examples that verify the Hypotheses we described in 
Section [T] (Hvpothesis 1111 and 113b: in the first is the volvol does not depend on T while in 
the second (more interesting) the volvol (that is the general statements is a function of X,) 
depends in fact on in a quite general way. Note that a volvol that depends on X, through 
is exactly what we need to write the equation Q without the presence of X,, and this is 
exactly the existence result we expected. 



1 Formulation of the problem and assumptions 

We consider a final time Tq. Later we will need to require that Tq <T*. So we assume from 
now To = T*. 

Consider a probability space (12 , ^ , P) . Let be the P-augmented filtration generated 
by an m-dimensional Brownian motion Wi (of components w/'^ for / = 1, for f > 0. Let 
u be a function 



r u: [0,T*]xR+ xR+ xH\0,T*) ^ H\0,T*;R"') = {H^{0,T*))'" 
\it,K,S,X)^{uAK,S,X-n,...,u,{K,S,X)("'^-]). 

For {t,K,S,X) e [0,7*] x M+ x R+ x f?' (0, T*) we define 



e,{K,S,X): 



X[0]-I^U'\k,S,X)[0]) In^"^ 

>=2 



ul^\K,S,X)[0]\n 



K 



(10) 



We assume that 

Hypothesis 11 For all i e {1, ..,»?} 



mW : [0, r*] X R+ X R X (0, T*}^H^ (0, T*) 
mW: {t,K,S,X)^ u,{K,S,X) 



is measurable from (^([0,T*] x R+ x R x H^),,^{[0,T*] x R+ x R x H^)^ into 
,M{H^)\ where is the O -algebra generated by the Borel sets. Moreover we as- 



sume that, for all K > there exists a C > such that for all t > and for all {S,X) £ 
R+ x//'(0,r*) we have 



(i) \u^'\k,S,X)[x]\<C- 
„('■), 



-for all xe [0,T*] 



l+\ln{S)\ + \JSX{K)[s]ds\+\e,{K.,S,X)\ ' 

(ii) dy,''{K,S,X) isinH\Q,T*) 
(Hi) u\'\k,S,X), d,,u';'\K,S,X), u';^\K,S,X)d,{K,S,X), d,u';^\K,S,X)ei{K,S,X) are lo- 
cally Lipschitz (as functions in H(0, T*)) in {S,X) 6 R+ x //' uniformly in t 

(iv) \^d,ul'\K,S,X)\ < i+ie,[K,s.x)\ ""'^ \d.u^'\K,S,X)e,{K,S,X)ln(^S)\ < C{l + \X\) 
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Remark 12 Note that we could treat a more general case, using the same arguments, al- 
lowing the explicit dependence of u^f' on CO < 
an adapted process and for all i E { 1 , . . , m} 



lowing the explicit dependence ofu^'^ on CO € Q. In such a case we would require u^'^ to be 



r «('■) : [0, r*] X i2 X R+ X (R X (0, T*)) (0, T*) 
\ : \t,co,K, 1-^ u,{K,S,X){o)) 

is measurable from 

([0,r] xr2) xR+ X (Rx/f'),^r* x ^(R+) x ,^(R x 



into yH^ ,SS{H^)j where is the O -algebra generated by the Borel sets and S^j* is the 

O-fieldon ([0,7*] x Q.) generated by the sets of the form [s,t] x F with < s < t < T* and 
F £ In this setting we have to ask that we have to ask (i) .. (iv) to be satisfied uniformly 
incoeQ. □ 

In order to avoid the absolute value in the definition of 6 and then came to the original 
problem we would like now to impose the following condition (that is implied by Q: 

X,{K)[0] - f (ul^\K,S„X,)[0])\n^ (^j^ > 0, (11) 

but of course such a condition can be imposed only if X, (K) [0] > 0. We ask the following 
(we will see that it is enough to have Jilt along the trajectories of the system) 



Hypothesis 13 

X[0] - {iiy\K,S,X)[0]\ In' - ) > V5 > 0, VX e H\QJ*) withX[0] > 



Xm-l^(u\^\K,S,Xm) ln'(^)=0 ^ X[0]=0 



>=2 

and 



>=2 

We impose that the initial data are strictly positive, this is a realistic assumption from the 
point of view of the model, note that in 1141 the authors argue (Proposition 2.1) that the 
negativity of the square root of the forward implied volatility causes elementary arbitrage 
opportunities: 

Hypothesis 14 For every K> Owe choose the initial datum {sq,xq) 6 (R x //' (0, T*)) with 
S() > and xq > 0. This means, since xq > is in //' and then it is continuous, that for every 
K > there exists a c> such that X{){K) [x] > Ofor all x £ [0, T*]. 

We define the functions 

F: [0,T*] xR+ X {RxH^)^H^ 

B: [0,r*] xR+ X (Rx/f') ^ (;/i(o,r*))'" =//'(0,r*;R'«) 

G: [0,r*] xR+ X (Rx//i) ^R ^ ' 

L: [0,T*] xR+ X (RxH^)^R 
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F{t,K,S,X)= I{X)\^^X\u,{K,S,X)\^+ 

+ 'j{u,{K,S,X),dxU,{K,S,X))I{X) + 

+2 {u, {K, S,X),d,u, {K, S,X))- e, {K, S,X)d,4^\K, S,X)£] + 



+X 



(13) 



\u,{K,S,X)\'^-e,{K,S,X)ul^\K,S,X)^ - 

-2(e,{K,S,Xy + u,{K,S,X)ln{§),{d,u,{K,S,X))ln{!l)) 
B{t,K,S,X) = 2Xu*{K,S,X)+2{d,u*{K,S,X))I(X) 

L{t,K,S,X) = X[0] -rjL2 (ul'\K,S,X)[0]y\n^ (f ) 

G{t,K,S,X) = 4^'(^r,5,X)[0]ln(f ) 

where 9, in the expression for F is defined in (|9]l. Under Hypothesis [TT|F, B, G and L are 
locally Lipschitz in S,X uniformly in t, moreover, for all > there exists a M > such 
that 

r \F{t,K,S,X)\ff^ + \B{t,K,S,X)\^Hiy„ < M(l + 

\G{t,K,S,X)<M ^ ' 

for all t. 

We fix now aK>0, and avoid to write, from now, tiie dependence on K. 

Using such a notation the ^ that can be rewritten as: 



dX,=AX,+F{t,Si,X,)dt+B{t,S„X,)dW,, Xo=xo>0 
dS, = (^^L{t,S„X,)- G(r,5„X,)) S,dWt^^\ 5o = JO > 



(EQ) 



We call F the function defined changing in the definition of F d,{K,S,X) with dt{K,S,X). 
Note that F is locally Lipschitz in S,X uniformly in t and satisfies ( 114b . 

Notation 15 We will use the notation e'^ instead ofT{t) defined in 
From the general theory (see |6|) we have: 

Definition 16 An x K- valued predictable process {Xt,St), t £ [0, J*] is called (mild) 
solution of \EQ\ if 

rT* 

\%,Ss)\Hi^Rds<^ =1 (15) 



and for an arbitrary t £ [0, T*] we have 

X,\_( e'^xo + lo e^'--'^^F{s, d. + e('-')^S(j, 5„X,) dW, 
S< )~ \so + Jq [^/L{s,Ss,X,) - G{s,Ss,X,)'^ SsdWy^ 



Note that this implies L{s,Ss,Xs) > 0. 



9 



2 Results for pQH) 



We consider the approximating X,^ {k) substituting sJJ^{t,Si,Xi) in the second equation with 

^\L{t,S„X,)\ye: 

dXf = AZf +F(f,5f,Xf)dr + S(r,5f,X'^)dW;, X^=xq > 
d5f = [^s/\L{t,S,,Xl')\\/e - G{t,SlXf)j 5f dw/'', 5o = sq 

The definition of solution of the l |IEQIg| l is analogous to the Definition [T6l 



(lEQU) 



Notation 21 We take a cut-off 



I. In particular we assume that: \ff{-) is C 



1-1,1] 



1 and that \ff\ 



(-=c.-2)U(2.+~) 

Lemma 22 Fix now e > 0. Let e 6 [0,e]. Suppose that there exists a solution {X^ ,S^) for 
i^EQl^j (that for £ = is ). Then if we call T/y the exit time defined as 

T^ = inf{f e [0,r] : >A?30 

(and +°° if the set is void) we have that 

lim P[ta, < ri =0 (16) 

and the limit is uniformly in e 6 [0,e] and in [X^ ,S^). 
Proof We call 

FN(t,S,X):=F{t,S,X)xif(^-jj- 



BN{t,S,X) ■.= B{t,S,X)\if 



We choose A' > |Xo|, we have 



XfAx^=e"^'^% + 1 e^'-^^^F^{s,SA,)ds + 1 e^'-'^^BN{s,SA,)dWs 



and so, using l ll4b and Lemma 7.3 (6), 



E 



sup [X, 

S6|0,/| 



£ I 
ATjvl 



<Ct' 



x^^,fds+^ I \x!,^J^di 



lATiv 



where Ct* depends on T* and on the initial datum xq 6 //' . So, thanks to Gronwall's lemma 
we have 



E 



sup jX,' 

.56 [0./ 



'A% 



< c 



uniformly in A'. In particular, since X,^ is continuous ((6) Theorem 7.40 then 



and then 



sup |X,'^p=A?2 on{TN<T*} 

p(T^<r)<^ 



and then we have the claim. 



□ 



* We use |Z, I or |X| for the norm in //' whereas |X[0]| is the norm in R 

' Once we have fixed S^, the solution of the jlEQIe) forX^ is unique and it satisfies the properties ensured 
by Theorem 7.4 of (6) 
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Lemma 23 The equation jlZsQIef has a unique solution (Definition \16\l (X,^,5'f ). Moreover 
{Xf,Sf) belongs to C{[0,T*];L?{Q,^ ,F; x R)) and has continuous trajectories. 

Proof We proceed localizing the problem using % as defined in Lemma l22lusing the same 
notations Bn, Fn (and also GN{t,S,X) = G(r,5',X)v/ (^S^ , Liv(r,5,X) =L(r,5,X)v/ (^M^). 
The equation 



d5f-^= ( j\L„{t,s,X'")\y£-GN{t,sr\xr)]sf''dw; 



(17) 



(with initial data X^'^'^ = > and 5o = > 0) satisfies the hypotheses of Theorem 7.4 of 
fSl and then has a unique continuous solution [Xf'^ ,S^'^) in C([0,r*],L^(i2,^,P;(f^' x 
K))). 

If N' > N we have that = Saj' on {|X| < A^} (and in the same way = F^/, Gat = 
G^/, = Lfji on {|Z| < A'}) and then Xf'^ = Xf''^ on {% > T*} a.s. So we can define 

Xf =Xf-^ on {% > T*} X [0,r*]. (18) 

We can obtain an estimate as ( II6I 1 uniformly in A' and then ensure that \imi^^+oo{iN > T*} = 
Q. Note that, since S'f^^^t^ solves 



='o + l ' i\/\LN{t,S„X,%JW e-GN{s,x;^^,^,Sf,,,jS.,dW,^'^ 

then we have 

E[\Sf,,f]<soe^^^+^'> (19) 

where the second term does not depend on e and then P |^/q^ l^f |^df < +ooj = as re- 
quired by ( 115b . The uniqueness follows from the uniqueness for the localized problems. The 
regularity properties follow from the regularity for the approximating equations. □ 

Lemma 24 Consider {X,^,Sf) as in Lemma \23\ then Xf it is a solution of the following 
integral equation in C{[QJ*\\L^(Q. ,V;L^{QJ*))): 

X'=xo+ f d,X^[x]ds+ f F{s,Sf,X^)ds+ [' B{s,Sf,Xf)*iWs (20) 
Jo ' Jo Jo 

Proof We can assume that F and B are Lipschitz-continuous in 5"^ 6 M and X^ e //' uni- 
formly in t and CO (with Lipschitz constant C), otherwise we can localize the problem as in 
the proof of Lemma [23] 

Consider the Yosida approximation of A given by A„ = n^ [nl — A) ^ ' — nl. We consider 
the solution Xf'" of the equation 

AXf-" =A„Xf'"df + F(f,5f,Xf'")df +5(f,5f,Xf'")dW,, X^=-xo. 

Since A„ is linear continuous, and then Lipschitz, the mild form of such an equation can be 
written in two equivalent ways: 

Xf"=e^"'xo+ f e'''-'^^"F{s,SlXf'")As+ f e^'-'^^"B{s,Sf X'")^ 
Jo Jo 
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and 



X;-" =XQ+ / AX ds+ / F{s,SfX )<is+ / B{.s,SfX )dW,. (21) 
Jo Jo Jo 



Moreover (see (6) Proposition 7.5 page 193) 



C{[0,T*];L^{n,,^,r;HHO.T*))) 



(22) 



In order to prove the claim we need only to check that every term of ( 121b converges to the 
corresponding term of the ^ mC{[QJ*];L^{Q,^,^;L^{QJ*))): 



sup E 

/e[0,7-'] 



B{s,SlX^)-B{s,SlXf'")dWs 



L- 



< 



sup E 

/6[o,r*| 

< CiE 



r' ^ 
/ B{s,S';,X^)-B{s,SlX-")m 

Jo Hi 



\B(s,SfX)-B{s,SfX-")\li ds 



<CiC^E 



T* 



dj 



■ (23) 



where the last convergence holds since we have ( 122b . The estimation with the term with F 
can be done in the same way. Moreover 



sup E 

/e[0,7-*] 



jyX[A-A„Xf-"[x]\l,As 



</, +72=^ sup E 

r6[0,7-*] 



< 



\dAnX^[x]-A„Xf'"[x]\],ds 



+ sup E 

re[o,r*] 



For I2 we have: 



/2 <E 



T* 



dX[A-dX-"[A\liA'< 



< E 



\dX[A-dX-"[A\r- ds 



— Xf \ J,] ds 



(24) 



where we used that | d^X^ [x] — dX " W 1^2 < |-^/ ~ " since the derivative is a linear 
continuous contractive function from //' to L^. To treat Ii we have only to observe that 



> and A • > A . And so we have the claim. 



□ 



We consider now the stopping time 

f*^ :=inf{? e [0,T*] : L{t,Sf,Xf) < e}. 

and the process 
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It solves the integral equation 



Given a y < e we have that 
So, we can define 



on r < T where t is defined as 



{X„S,):= limiXf, Sf) (26) 

£^0 



T := sup, 

e>0 



and {Xt,St) := (0,0) on f > T. Passing to the limit in ( 125b we have that {X,,S,) is a solution 
of 

' X, = X[o.r]it)e'^xo +Xm{t)IoXmis)e^'-'^^F{s,X„S,)ds+ 

+Xlo.f] (f ) /o Xp.i] {s) ei'-')^B{s,X ,S, ) dWs (27) 
5, =Z[o,f](0^o + Z[o,T](0/oZ[o,?|(^) - G{s,X,S,)) S,dWy^ 



f := supr = inf{f e [0,r*] : X,[0] < 0}, 

£>0 



Moreover if we set 



since (X,*^,5f ) is a solution of \EQ\ until time Tg and l |EQ[ > is locally Lipschitz until time T, 
{X, ,S,) is the only solution of ( |EQ[ l until f. 

From Lemma l24l we obtain the following corollary: 



Lemma 25 Xi defined in i26\ i is a solution of the following integral equation: 

X,=x[0,f]{t)(xo + J^ d,X[o.i]{s)X,[x]ds + J^ X[o,T](^)^(^,.S.5,X;0di+ 

+ f\l(m{s)B{s,S,,X,)dW,^ (28) 

We call Y, the process 

J'r =J:o + ^ X[o.i]{s)d.cX,[x]ds + Xp,i]{s)F{s,Ss,Xs)ds+ 

+ f Xlo,i]{s)B{s,Ss,Xs)dW., (29) 
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3 The process and its properties 

In this section we (re)introduce tiie process E,, that we used in the introduction as starting 
point. We will prove that such a process, here defined integrating Xt, indeed solves the SDE 
© that appears in t3J. 

Consider now the real process (^/),gjQ where 

l-T-t 

-T 



^ = / Y,[x]dx. (30) 
Jo 

If we define 

4>^: [0,r*] xL2(o,r*) 
4>T: (f,,^)^/,[->Hdx. 

we have that E,^ = <i>'^ {t,X,). We want to find a (real) SDE solved by E,^ and so we apply 
Ito's formula to using the fact that X, satisfies \2%\ . We have to put some attention 
because (9,*>^ is not defined on all [0, T*] x 1^(0, T*): 

Proposition 31 solves the following SDE: 

' IJ^, = /a[o,f](^) ((1 + K/) - e.v.l^')) d.- 

(31) 



-/oZ[o,f]0^) (e,+v('hn(|)) 

-/a[o,f]0')IT=2 (vF')'ln2 (a) d. + /a[o,f]C^)24^v: 
■ = ^0 H djc = /o^ -«o H dx 



where we called Vj = Mj (A:, , Xj ) [T — j] an<i 0, w defined in ((P)) f nofe that on t < Z we have 
that 0, = dt). 

Proof We want to apply Ito's formula to along Y, using the fact that Y, satisfies integral 
equation ^ and then it is in C([0, T*];L^{n,,^ ,¥;L^{0, T*))). We have that 

d^<P^{t,(l>)=Xlo,T-,] 

and 

d^<P^{t,^)=0. 

and then they are uniformly continuous on bounded set. More problematic is the derivative 
along the time variable. Anyway we can observe that for ? < f we have that Y, =X,, and for 
t <f Xt is pathwise continuous in //' . So we have that, for / < t 

d,4>^{t,Y,) = -X,[T-t]. 

d,4>^ is not defined on all [0, T*] x L?{0, T*) (and a fortiori it is not uniformly continuous on 
bounded subsets of [0,7*] x L^{0,T*)), we can anyway observe that what is really needed 
in the proof of Ito's formula (see (6l Theorem 4.17 page 105) is just the convergence 

^^{tj+uY,^^,)-<P^{tj,Y,.^,)^^ / d,<P^{s,Y,)ds F-a.s. (32) 

where "\>{7t) — > 0" means that the mesh b(7r) of the partition K = {0 = tQ <ti < ... < f^-i < 
tM = t} goes to zero Note that we only need to verify it on f < f , thanks to the form of 
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equation Bil l and to the fact that the derivative w.r.t. the time enters only in the deterministic 
integral so i32i can be proved in our case since, for t < f. 



and, the trajectories of X,{a)) for t <x are continuous in . 
So we can now use Ito formula end we find: 



+ ^'z[o,f]W^rr[S(^,5„X,)5>^Gs,7,)S(^,5,,X,)]d^+ 



= + 1^^' ^-X, [T-s] + ' d_,Xs [x] ds+ 
+ ^'z[0,f]W^^ ' F{s,Ss,X,)[x]Axds + ' B{s,S,,Xs)[x\dxdWs= (33) 

using the explicit expression of F and B given by ( |13l l 



-Xs[Q\ds+ 

x=T—s 







+ l{X,)[x] + -I{X,)[x]j \u,{k,S,,X,)[x]\^ - d^'^ui'\k,S,„X,)[x]j ds- 



tl\x 







A=r-.s 



Q,l^u,{k,Ss,X,)\x\\J^\ di+ 
^ ''^ .v=0 

ft 

+ 



^ Z[o,f] (^) |2/(X.) {x\u\ (k, M lilo ' dW, = (34) 
noting that, from (O, \esl + Us{k,Ss,Xs)[x]\n{-f] I = Fs[0], that for j < f is equal to 

I \ ^ / Ix— 

Xs [0] , and recalling that = on j < f we have 



Z[o,f]C5)4' (^(^1 + 4^/ j |v.| ds- xmis) e,£+v,in(^- ) d^+ 



2 



+ Z|o,f]W2^/v,:dW, (35) 
That is the claim. □ 



Since we obtained at the beginning X, [x] differentiating (formally) with respect to x the 
process 1 1— > so what we have obtained now it not unexpected but exactly equation Q. 
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Theorem 32 For all T e [0, T*], E,'f > Ofor all t < f. 

P{f < r*} =0. 

and {St,Xi) = {St,Y,), < t < T* is the only solution of ^EQ^ . Moreover it is in 
C([0, 7'*];L^(I2 , J?,P; (//' x R)) and has continuous trajectories. 

Proof Since solves the Oll l (note that we can use on the right side ^^^^ instead of 
without any difference) we can write it as 



^r,, = e'ff{T,k)-e'U'"\-^^ 
Jo 



ds 



where 



Lj = L,iT,K) = I^^Xp.i]{s)2v;dW, - I^Xp.i]{s) ((l - ^^.Af j K'.l' + Bsvi'^j ds. 
Since = we have 



Hence 



In particular 



e 0,^ + v,ln( — 



ej + V, In 



ds = f{f,k)- 



ds + 



JtAT 



05^ + Vjln 



^^, = e^ r e-^ 0/ + v,ln(A 



ds > 0. 



ds (36) 



(37) 



xo[x]djc = <§J = / e-^ 



ej + Vj In ( — ) ds= I e-^^ X, [0] ds -■ 



We take now h E (0, 1), as before we can obtain 



Jo Jo 
From ( 138b and i l39b we obtain 



(1-/!)T _ (l-/,)f 



Xs[0] ds 



(38) 



(39) 



h h ^ h 

Now assume by contradiction that there exist a subset Q C Q with P(X2) = c > such that 
f{co) < T* for CO € Q ■ Observe also that, since xq > and it is continuous (it is in //'), we 
have XQ > C2> 0. From the previous equation we obtain: 



k |/(i-/.)f-^oMd^[ dP(«) ^ In \l^,_,),e-^^X,[0]ds\ drjco] 



■ + 



+ ' : 



dP(ffl) 



(40) 
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Passing to the liminf in h ^ the left side is greater than C2C Jq |f|dP(a)) > while the 
right side goes to zero. 

So we can see that X[Q.t] (0 equation illi is indeed always 1 for r e [0, T*] and the 
process X, solves the integral equation 

X, = e'^XQ + /o' e^'-'^^F{s, X„S,)ds + e('-')^Bis,X„S,)dWs 
S,=so + /o ( y/L{s,X„S,) -G{s,X„S,)')s,dWy\ 



Noting that for r < T* we have f < T and then F = F v/e have that {X,,Si} is a solution of 
( |EQ[ > on [0, T*]. The regularity properties follow from the ones of {Xf,Sf). □ 



Remark 33 The argument used for the positivity of^, is the same used in /jJ/. 
Proposition 34 is positive and, on [0, T*\, we have: 

' d5, =5,0,dw/'' 

-IT=2(vF')'ln2(|)+2^,^vrdiy, (41) 
^J" = /o^XoHdx 

^.4^l,.,=(e,+v^'hn(|))^I;L.(vF))^n^(i) 

Proof This is just a corollary of Theorem [32l the result follows from OU using that X, = 
Yt and that for T* < f . The feedback equation is easily seen to be satisfied thanks to the 
definition of 0,. □ 

Proposition 35 S) is a strictly positive process, moreover, for all x 6 [0, T*], we have that 

X,[x] > ¥-a.s. 
Proof The statement for 5, is easy since it can be written as 

^ = e,dw/'^ 
s, 

The assertion for X, follows from the same arguments we used in Proposition [31] and in 
Theorem [321 Indeed for 7; < 7^2 < T* we can define <§,^''^^ = <p'^^-'^^-{t ,X,) where 



0^1-^2: [0,72-7'i] xL2(0,r*) 
^T,J2. (t,(l))^ J^^-'x,[x]dx. 

It can be seen using the same arguments we used in Proposition 1311 that ^^''^^ solves the 
equation 

• ^ ^r„r. i^,^:,^.) \v,\^ - B.v^,'^) At- (e, + vfhn (a))^ 

-IT^2(vF^)'ln^(i)+2^,""^^v;dW, (42) 
{^l^-^^=ff^X^[x\dx 

Arguing as in Theorem [32] <§,^' can be proved to be always positive in the interval t e 
[0, 72 — 7i] and then, step-by-step, to be always positive in the interval t 6 [0, T*] and so we 
have that, for all < Ji < 72 < J* all the integrals fj- X, [x] dx are positive and then, since 
X, 6 7/' , we have the claim. □ 
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4 Two examples 

We show now two possible examples in which the Hypotheses 1111 [T3] are satisfied. In both 
we take m = 2 (similar examples with m> 2 can be done). In both the cases depend on a 
only through the variables S and X. Note that in both cases we choose a simple "decoupled" 
form for m''' given by 

4''^ {k, S,X){co) H = <p<') (X) V/('') ('^)ri ('■' mo] I ) . 



4. 1 First example: the volvol does not depend on x 

In this first example we assume u,{k,S,X) : x i— > u,{k,S,X)[x\ is a constant function. This 
means that d^u, = and we have not problems in satisfying points {ii) (iv) (and part of {Hi)) 
of Hypothesis [TT] 
We take 

uf\k,S,X)[(0)[x] = <p^^H sup \X[r]\\^^^^T)^^\x[Q]) 



re[0.T'] J In (5) 
for all X e [0, T*] and co e Q.We assume that 

77(2): R+ 

77(2) : CT 1-^ T](2)(a) 
is locally Lipschitz, bounded, rj (0) = 0, and 

t](2)(ct)<v^ forallCT>0. (43) 

Moreover we assume that 

is bounded and continuous and a 1— > '^^'^^^ is bounded and locally Lipschitz continuous. 

9(2^ is continuous, locally Lipschitz continuous and a 1— > <p^^^{a){l +0) is bounded. More- 
over 

(p(2'(a)<l v/'2)(ct)<1 (44) 

We take 

4'^(fc,5,X)(«)H = (p(i)( sup I ^^;^77(i)(X[0]) 

V'-6[o.rl / In (I) 

for all X e [0,T*] and CO e 12. (pC) is locally Lipschitz a 1-^ (p^^^{a)(l + a) is bounded, 
is bounded and continuous and a 1-^ \n{(7)'' bounded and locally Lipschitz contin- 
uous, r]('' is locally Lipschitz continuous and bounded, a 1— > ri^^\a)\/a locally Lipschitz 
continuous. 

So if we define 



ar{k,S,X) =^ u\'>{k,S,X)\n ( - j = (p>^) ^ sup^^ \X[r]\ j v^^^' ) T]^2'(X[0; 
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we can note that l l43b and i l44b gives 



Z[0]-(«P' 



{k,S,X)^ >0 



and it is equal to zero if and only if X[0] = 0; so Hypothesis [T3]is satisfied. 

Part (i) of Hypothesis [TT] follows by the boundedness of ct i— > \ff^'\a), of a i— > 
(p(''(CT)(l + ct) and of CT 1-^ r](''. 

Local Lipschitz continuity properties required in (Hi) of Hypothesis [TT| follow by the 
local Lipschitz continuity properties of the functions considered. 



4.2 Second example: m''' depends on E, 

We assume now that Ui{S,X)[x\ depends on X through X[0] and fg X[?-]dr = <§, moreover 
u,{S,X)[x] depends onx through /dX[r] dr = E,, note that it is the quantity considered in the 
formulation of 1 3 1 and is the variable interesting from a financial point of view. Note that for 
technical reasons (to satisfy point (i'v) of Hypothesis [TT] we have to introduce a cut-off y^v in 
other example, ji^ is a C°° function M IR+ equal to 1 in the interval [—N,N\ and equal to 
in [2N, and -2A']. 



for all X e [0, T*] and O) 6 12 . We assume first that (p'^' : R ^ R is C^, bounded with first and 
second derivative bounded and we observe that the derivative |^<p'^^ (/q /[''] dr)j define a 
locally Lipschitz continuous function on //' : 

Lemma 41 Suppose (p'^': R+ — > M is C^, bounded with first and second derivative 
bounded: |(p(2)| <M, |(p.p'| <M, <M. Then 

(a) the function 



is locally Lipschitz continuous. 

Proof We prove only the point (b) because (a) is simpler and can be treated with the same 
arguments. 



We assume 





is locally Lipschitz continuous, 
(b) the function 
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We take /[■] andg[-] iaH\0,T*;R): 



%P) (/[•]) - {g[-])l, + \d. (f^p, (/[■])) - ax ( V) is[-])) 

(pP ( f[r] Ar\ /[■] - <pP U g{r] dr\ g[-] 



+ 



Il2 

+ 



L2 



(45) 



We consider first Pi : 

Pi<Pl+Pl = 



•pP (//Mdrj (/[•]- + 

ipP U m dA - (pP U g[r] dr) ] g[-] 



L2 



(46) 



For P/ we have simply < M\f — g\i2 < M\f — gl^i . For Pf note first tiiat tiiere exist a 
constant C such that for every hina neighborhood (in //') of g we have Ihli^ <C,so locally 
we have 

Pi<Mcj^ U fir] - g[r] dr\ dx<Mcj^ U fM " dr\ dx < 

CM P^* P^* 

-T^Jo Jo (/M-«W)'d'-clx<CM|/-g|^2<CM|/-g|^,. (47) 



We estimate now P2: 

A=pl+p2 + R3+p4+p5*/ 



+ 



f[r] dr)-(p; 



,(2) 



g[r]dr] ]/■ 



Il2 



(/[■] -g[-])f[-]cpP(^lg[r]dr^ + |(/[-] -g[-])g[-]cpS^ (/o ^M'*') + 



L2 

(48) 

Recalling that for /z in a neighborhood (in H^) of g and of / < C we can estimate P| 
and P| as P/ , Pj^ and P^ can be treated as Pf . Eventually P| < - gj, y <M\f-g\jfi. 

□ 

We assume that: qj^^) with bovmded first and second derivative, l^'^'^^l < 1 and a 1-^ 
(p(2)((7)(l -(- |(j|) is bounded. Moreover we take t//^'2) bounded and continuous with | \ff^^'>\ < 

1 such that 



is bounded and locally Lipschitz continuous. T](2) is locally Lipschitz, 



with o I— > ri^^\o){l + i/\o\) bounded and locally Lipschitz continuous, Tj(2)(0) =0, and 

n^^\a)<y/a for all C7 > 0. (49) 
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We assume that u) has the following form: 

where: cp'^' is a function with bounded first and second derivatives, a i— > (pW (cj) ( 1 + a) 
is bounded; y/^^'' is bounded and continuous and a i— > is bounded and locally Lips- 

chitz continuous, r]('' is locally Lipschitz continuous and bounded with a i— > <p(^'((T)(l + 
•>y I CT I ) bounded and locally Lipschitz continuous. 

We claim that the Hypotheses[TT|and[T3]are satisfied. Hvpothesisll3lfollows by ( 149 l l and 
the fact that 9*^', t|/'^' < 1. Note that thank to the boundedness of and wp' we have that 
Q < a/|X[0]| +M for some constant M. So the first of [iv) of Hypothesis [TT| follows by the 
boundedness of x 1— > (p^'\x){l + and from the use of the cut-off Yn', (0 follows by the 
boundedness of ;i; 1— > (p'^'\x){l + \/]x\), x 1— > (p('^(jc)(l -|- \x\) and x 1— > \ff^'\x) and (;'/') from 
Lemma 1411 that gives also the local Lipschitz continuity property of d^u required in ((//). 
The other local Lipschitz continuity property of (Hi) can be proved using the local Lipschitz 
continuity properties of y/*'' , 9*'' and r]''' and by Lemma 1411 



5 Conclusions and future work 

We have proven an existence-and-uniqueness result for the implied volatility model pre- 
sented in f3 |. The approach we used was based on the rewriting the problem in a suitable 
Hilbert space formulation. We dealt with the one-parameter family of European call option 
Of {K, T) for a fixed strike price K > 0. 

A natural object for future work is studying the case of the whole family 0,{K, T) vary- 
ing both the strike and the expiration time. As we have already observed in the introduction 
the feedback condition imply the unpleasant equation ^ in which Q, appears as a function 
of K. dt is the process that drives the evolution of the stock price and of course, if we want 
to deal with the general case of the complete family 0,(K, T) varying both T and K, it has 
be the same for every K. So we obtain the following family of compatibility conditions: for 
all the strikes Ki>Q and > 

e,{Ki,s„x,{Ki)) = e,{K2,s,MK2)) 

that is 



^X,(Kim-f^^(ulj\Ki,S„X,{Kimyin^ (^^) -4"(^:i,5„X,(7^i))[0]ln (^^) = 

^X, mm - f [J/^ [Ki ,S„X, {K2)m) ' In^ (^^ j - ul'^ {K, ,S„X, {K2)m In j . 

(50) 

For the difficulties in trating the multi-strike case see fl51. 
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